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ABSTRACT 

Fundamental 1 i m i t a t i o n s  o f  p o s s i b l e  f requency s tandards 
based on s t o r e d  i ons  a re  examined. P r a c t i c a l  1 i m i  t a t - i o n s  
a r e  a l s o  addressed b u t  w i t h o u t  r ega rd  t o  s i z e ,  power 
consumption, and cos t .  Wi th  these guide1 i nes ,  one can 
a n t i c i p a t e  t h a t  a s t o r e d  i o n  f requency s tandard w i t h  
accuracy and s t a b i  1 i t y  b e t t e r  than  10-l5 i s  now p o s s i b l e .  

I N T R O D U C T I O N  

S ince t h e  p i o n e e r i n g  work o f  Dehmelt and co-workers,  who f i r s t  
+ 

observed h igh  r e s o l u t i o n  microwave spec t ra  on s t o r e d  %H i o n s ,  i t  has 
been c l e a r  t h a t  t h e  i on - s to rage  technique [I] p rov ides  t h e  b a s i s  f o r  
an e x c e l l e n t  f requency s tandard [2-201. The goa ls  o f  va r i ous  groups 
i n  t h i s  f i e l d  seem t o  be determined l a r g e l y  by a t r a d e - o f f  between 
d e s i r e d  performance and l i m i t a t i o n s  on equipment, such as s i z e ,  power 
consumption, c o s t ,  e t c .  I n  t h i s  paper ,  t h e  fundamental l i m i t a t i o n s  o f  
s t o r e d  i o n  f requency standards a re  addressed. Experiments p o s s i b l e  
w i t h  " ava i  1 ab le "  techno1 ogy a re  d i  scussed, b u t  r e s t r i c t i o n s  on 
exper imenta l  equipment, such as s i z e ,  power consumption, c o s t ,  e t c .  , 
a r e  n o t  made. 

I n  any case, t h e  f o l l o w i n g  assumptions w i  11 be made: 

(1) The o n l y  r e s t r i c t i o n  on exper imenta l  equipment i s  t h a t  i t  be 
ava i  1 ab le  a t  a " reasonable  c o s t .  " 

(2)  Only exper iments where inaccuracy  - i 10-l"aan be p o t e n t i a l  l y  
ach ieved w i l l  be discussed. 

(3) W i t h  t h i s  i n  mind, we w i l l  assume t h a t  " l a s e r  c o o l i n g "  i s  
employed i n  a l l  exper iments i n  o rde r  t o  suppress Doppler s h i f t s .  

(4) Bo th  rf and Penning t r a p s  a re  cons idered  w i t h  advantages and 
disadvantages o f  each noted. 
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Opt i ca l  frequency standards as we1 1 as microwave frequency standards 
w i l l  be discussed. In a meeting on "prec ise  t ime and t ime i n t e r v a l , "  
t h i s  might  seem a b i t  o u t  of p lace  because o f  the  d i f f i c u l t y  o f  pro-  

' 
v i d i n g  t ime from frequency standards which operate much above 100 GHz 
1141. However, these devices w i l l  a l so  be discussed because o f  t he  
o the r  uses f o r  frequency standards and because o f  t he  remarkable 
accuracies p o t e n t i a l  1y achievable. 

MICROWAVE FREQUENCY STANDARDS 

The dominant choice f o r  a microwave frequency standard i s  one based on 
hype r f i ne  t r a n s i t i o n s  i n  t he  ground s t a t e  o f  a s i n g l y  i on i zed  atom. 

F ine  s t r u c t u r e  t r a n s i t i o n s  i n  an i o n  such as B+ might  be used [14], 
b u t  here the re  are d i f f i c u l t  problems w i t h  s t a t e  s e l e c t i o n  and 

detec t ion .  Exo t i c  choices such as Bki are i n t e r e s t i n g  because o f  the 
l a r g e  hyper f ine  s t ruc tu re ,  b u t  t h i s  i o n  has o ther  obvious p r a c t i c a l  
drawbacks. 

I f  we assume t h a t  t he  t r a n s i t i o n  l i n e w i d t h  i s  f a i r l y  independent o f  
t h e  i o n  species ( f o r  example, t h i s  i s  t r u e  i f  the  l i n e w i d t h  i s  
determined o n l y  by the  fundamental 1 i m i t  o f  i n t e r r o g a t i o n  t ime),  then 
we would l i k e  t o  use an i o n  w i t h  as h igh  a hype r f i ne  frequency as 

+ 
poss ib le .  This  i s  why Hg ions  are a t t r a c t i v e  s ince Avhfs (199~gC)  : 

40 GHz and Au (20i~g') 1̂ 30 GHz. Simple schemes f o r  l a s e r  c o o l i n g  
and o p t i c a l  #lapi ng/detect ion o f  h y p e r f i  ne t r a n s i t i o n s  such as was 

r e a l i z e d  1211 i n  M ~ +  are poss ib le  [22] i n  o ther  ions  l i k e  ~e ' ,  ~ e + ,  
4" 

~ n ' ,  and cdt. However, i n  t he  case o f  He , the  requ i red  l a s e r  
wavelength i s  too  sho r t  and f o r  a l l  o f  these ions ,  t he  hyper f ine  

+ 
frequencies are  about t h ree  o r  more t imes lower than f o r  Hg . 

Because o f  i t s  h igh  hyper f ine  frequency, l a r g e  mass (which g ives a 
small second order  Doppler s h i f t  a t  a g iven temperature) and 

a v a i l a b i l  i t y  o f  a 2 " ~ g g  pumping lamp, 199~gi has so f a r  rece ived the  
most a t t e n t i o n  as a poss ib le  microwave frequency standard [ Z ,  4, 5, 7, 
10, 11, 19, 201. If  " l a s e r  coo l ing"  i s  employed, t he  simple schemes 
1211 us ing  on l y  a l a s e r  f o r  c o o l i n g  and s t a t e  s e l e c t i o n  are  n o t  
poss ib le .  However, i f  the  ground s t a t e  energy l e v e l s  a re  "mixed" [9,  

161,  then l a s e r  c o o l i n g  and o p t i c a l  pumping/detection i n  H ~ +  ions  are  ' 
poss ib le ,  Using t h i s  "mixing," Ba a l s o  becomes a poss ib le  choice [ 6 ,  

+ 
9, 131, b u t  t h e  mix ing  schemes are  more complicated than f o r  Hg. 

f + 
Also, s ince the  Ba hyper f ine  frequency i s  smal ler  than f o r  Hg , then 

H ~ +  s t i l l  seems a b e t t e r  choice. Unfor tunate ly ,  t he  f i r s t  resonance 

l i n e  f o r  H ~ '  which would be used f o r  l a s e r  coo l i ng  and pumping/ 



d e t e c t i o n  i s  a t  a  wavelength A = 194.2 nm. Generat ing t h i s  wavelength 
i n  a  c .w . ,  narrow band (< 10 MHz) way i s  d i f f i c u l t  b u t  p o s s i b l e  u s i n g  
s t a t e - o f - t h e - a r t  techniques [16].  With  t h i s  i n  mind, exper iments  have 
been i n i t i a t e d  a t  NBS t o  r e a l i z e  a  microwave f requency s tandard  based 

on t h e  25.9 GHz ( F ,  MF) = ( 2 , l )  ++ (1,l) t r a n s i t i o n  i n  2 0 1 ~ g f  a t  a 

magnet ic f i e l d  o f  0.534 T [16].  For  o p e r a t i o n  i n  a Penning t r a p ,  t h i s  
t r a n s i t i o n  i s  chosen because a t  0 .534 T ,  t h e  t r a n s i t i o n  f requency i s  
independent o f  magnet ic f i e l d  t o  f i r s t  o rde r .  There fo re ,  sys temat i c  
e f f e c t s  due t o  magnet ic f i e l d  i n s t a b i l i t i e s  and inhomogenei t ies  a re  
reduced (see below).  I f  a s i m i l a r  exper iment  i s  done i n  an rf t r a p ,  

then  t h e  40.5 GHr (F,MF) = ( 1 , O )  -3 (0,O) t r a n s i t i o n  i n  1 9 9 ~ g +  a t  low 

magnet ic f i e l d  would p robab l y  be a b e t t e r  cho ice  

Regardless o f  t h e  t r a n s i t i o n  o r  i o n  used, t h e  p rospec ts  f o r  o b t a i n i n g  
h i g h  Q l o o k  ve r y  good. T r a n s i t i o n  l i n e w i d t h s  o f  0 .012  Hz have a l r eady  

been observed [21] i n  M ~ + ;  i t  i s  a n t i c i p a t e d  t h a t  these narrow 1 i ne -  

w i d t h s  and 1 i new id ths  even smal l e r  should be observable  i n  HCJ+ which 
would y i e l d  a  Q s i g n i f i c a n t l y  g r e a t e r  than  1012. 

I n  a d d i t i o n  t o  t h e  h i g h  Q p o s s i b l e ,  we no te  t h a t  by observ ing  t h e  
s c a t t e r i n g  o f  many o p t i c a l  photons ( o r  t h e  absence o f  many s c a t t e r e d  
photons)  f o r  each microwave photon absorbed, i t  should  be p o s s i b l e  t o  
ach ieve t h e  maximum s i g n a l - t o - n o i s e  -- t h a t  i s ,  where t h e  l i m i t  i s  
governed by  t h e  s t a t i s t i c a l  no ise  i n  t h e  number o f  i ons  t h a t  have made 
t h e  t r a n s i t i o n  [16, 171. Th i s  w i l l  be impo r tan t  i n  any s t o r e d  i o n  
exper iment ,  s i nce  t h e  number o f  s t o r e d  i ons  a re  t y p i c a l l y  r a t h e r  low. 

O P T I C A L  FREQUENCY STANDARDS 

Because o f  t h e  p r a c t i c a l  d i f f i c u l t y  [14] o f  p roduc ing  t ime  f rom an 
o p t i c a l  f requency s tandard,  t h e  u t i l i t y  o f  such a dev i ce  i s  
r e s t r i c t e d ,  Never the less ,  t h e r e  would be many uses f o r  such a dev ice  
used o n l y  as a  f requency standard;  t h i s  f a c t  coupled w i t h  t h e  
p o t e n t i a l  performance make i t  i n t e r e s t i n g  t o  examine. I n  t h i s  
d i scuss ion ,  t h e  term " o p t i c a l "  f requency s tandard i s  used l o o s e l y  and 
w i l l  i n c l u d e  f requenc ies  above about 1 THz. 

When we cons ider  " o p t i c a l "  f requency s tandards,  i f  we c a r r y  our  
though ts  t o  t h e i r  l o g i c a l  conc lus ion ,  t h e  obvious cho ice  i s  t o  b u i l d  a  
y - r a y  c l o c k  based on a r e c o i  1 l e s s  ("Mossbauer") nuc lear  t r a n s i t i o n .  
The reason we d o n ' t  t h i n k  about such t h i n g s  y e t  i s  t h a t  we d o n ' t  have 
t h e  r e q u i r e d  narrowband, t u r ~ a b l  e , y-ray 1 oca l  o s c i  11 a t o r .  (Not t o  
ment ion t h e  problems o f  f requency comparison.)  The o p t i c a l  f requency 
s tandard  problem i s  s i m i l a r ,  b u t  i t  now appears t h a t  ve r y  narrow band, 
t unab le ,  l a s e r  sources w i l l  be a v a i l a b l e  i n  t h e  n o t - t o o - d i s t a n t  
f u t u r e .  H o p e f u l l y ,  i n  t h e  nex t  few years ,  t unab le  l a s e r s  w i l l  ach ieve 



l i n e w i d t h s  l e s s  than  1 Hz and s t a b i l i t i e s  over  s h o r t  t imes  o f  < 1 0 - l 5  
[22,23]. W i t h  t h i s  i n  mind, t h e  p rospec ts  f o r  an o p t i c a l  i o n  s to rage  
f requency s tandard  1  ook ve ry  promis ing.  

Again,  ou r  cho ices a r e  somewhat r e s t r i c t e d  because f o r  t h e  l a s e r  
c o o l i n g  and o p t i c a l  pumping/detect ion f u n c t i o n s  we r e q u i r e  a  f a i r l y  
s t r o n g l y  a1 lowed e l e c t r i c  d i p o l e  t r a n s i t i o n .  For  t h e  f requency 
s tandard  t r a n s i t i o n s ,  however, we d e s i r e  a ve r y  weakly a1 lowed 
t r a n s i t i o n  i n  o r d e r  t o  o b t a i n  a  narrow bandwidth.  Dehmelt [24] was 
f i r s t  t o  suggest u s i n g  t h e  i n t e r c o m b i n a t i o n  l i n e s  of group I11 B 
s i  n g l y  i o n i z e d  atoms f o r  an o p t i c a l  f requency s tandard;  an exper iment  

based on a TQ' was suggested. (Note t h a t  t h e  h i g h e s t  r e s o l u t i o n  so 
f a r  ob ta i ned  i n  t h e  v i s i b l e  i s  on t h e  'So +) 3P1 (657 nm) 

i ntercombi  n a t i  on 1  i n e  i n  n e u t r a l  c a l  c i  um 125,261. ) For  TQ', 1  aser  
coo l  i ng and o p t i c a l  pumpi ng /de tec t i on  c o u l d  be accompl i shed u s i n g  t h e  
f a i r l y  s t r o n g  ISo +"+ 3P1 l i n e  (191  nm). The o p t i c a l  frequency 

s tandard  would be ob ta i ned  on t h e  I S  * 9 l i n e  which has a Q o f  5 x 
1014! Al though  d i f f i c u l t ,  i t  i s  c e r t a i n l y  8 i t h i n  t h e  s t a t e  o f  t h e  a r t  
t o  produce these wavelengths by  d o u b l i n g  and m i x i n g  t unab le  dye 
l a s e r s .  (Wi th  t h i s  i n  mind, a more favorab le  cho ice  appears t o  be 

l n f . )  Another p o s s i b i l i t y  which i s  more a t t r a c t i v e  f rom t h e  
s tandpo in t  o f  a v a i l a b l e  l a s e r s  i s  t o  d r i v e  t h e  two-photon 2S5 * 2~5,2 

"i- f 
t r a n s i t i o n  i n  Ba [18, 271 o r  Hg [15, 161, These t r a n s i t i o n s  have 

comparable Q t o  TQ' b u t  can su f f e r  f rom t h e  problem o f  ac S t a r k  
+ 

s h i f t s ,  For  example, i n  Hg i f  t h e  5-0 t r a n s i t i o n  i s  d r i v e n  w i t h  two 
photons o f  equal  wavelength (A = 563 nm), t hen  t h e  ac S t a r k  s h i f t  i s  
about  10 l 5  [ X I .  TO make t h e  ac S t a r k  s h i f t  n e g l i g i b l e ,  one c o u l d  
d r i v e  t h e  '5% +-) 2D5/2 5 i  ng1e pho ton  quadrupole t r a n s i t i o n s  [17]. 

For  s i n g l e  photon t r a n s i t i o n s ,  i t  w i l l  be d e s i r a b l e  t o  ach ieve orN 
approx imate ly  s a t i s f y  t h e  D icke  c r i t e r i o n  (conf inement  dimensions < 
X / 2 x ) .  Th i s  c o n d i t i o n  i s  most e a s i l y  s a t i s f i e d  f o r  a  s i n g l e  t rapped  
i o n .  A s i n g l e  i o n  i s  a l s o  t h e  most d e s i r a b l e  case f rom t h e  p o i n t  o f  
r educ ing  sys temat i c  e f f e c t s  (see n e x t  Sec t ion ) ,  b u t  s u f f e r s ,  o f  
course,  f rom t h e  s t a n d p o i n t  of s i g n a l - t o - n o i s e  r a t i o .  For  a s i n g l e  
i o n  which approx imate ly  s a t i s f i e s  t h e  Dicke c r i t e r i o n ,  i t  i s  
i n t e r e s t i n g  t o  no te  t h a t  t h e  power r e q u i r e d  t o  s a t u r a t e  a  t r a n s i t i o n  
(assuming t h e  n a t u r a l  r a d i a t i o n  decay process i s  t h e  same as t h e  
e x c i t a t i o n  process)  i s  g i v e n  by  assuming t h e  i o n  has an a b s o r p t i o n  
c r o s s - s e c t i o n  o f  about  h2/2rr (case f o r  i ons  unpo la r i zed) .  I f  t h e  
l a s e r  i s  focused t o  about  a  1 pm d iameter ,  then  a power o f  o n l y  2 x 
1 0 - l 5  W i s  r e q u i r e d  t o  s a t u r a t e  t h e  202 nm t r a n s i t i o n  i n  TA'. These 
smal l  r e q u i r e d  powers may make p r a c t i c a l  t h e  p o s s i b i  1  i ty  o f  p roduc ing  
these  s h o r t  wavelengths by ve r y  weak n o n l i n e a r  processes. 
U n f o r t u n a t e l y ,  t h e  i n i  ti a1 p r e p a r a t i o n  o f  1 aser  coo led  s i  ng l  e i ons  
would r e q u i r e  s u b s t a n t i a l l y  h i g h e r  powers. 



Fo r  t h e  exper iments on s i n g l e  i ons ,  t h e  rf t r a p  may u l t i m a t e l y  have an 
advantage because t h e  conf inement can be t i g h t e r ,  I t  shou ld  be noted,  
however, t h a t  even i f  t h e  Dicke c r i t e r i o n  cannot  be s a t i s f i e d ,  t h e  
performance i s  n o t  seve re l y  degraded, s i nce  t h e  l i n e  i s  o n l y  s l i g h t l y  
broadened [24] and more no i sy .  

SYSTEMATIC SHIFTS 

Here we d iscuss  t h e  more impo r tan t  fundamental sys temat i c  s h i f t s  i n  
p o s s i b l e  i o n  s to rage  f requency s tandards.  They a re  b a s i c a l  l y  t h e  same 
i n  microwave and o p t i c a l  f requency s tandards,  b u t  may d i f f e r  i n  
magnitude. 

( 1 )  Magnet ic F i e l d s :  I n  t h e  r f  t r ap ,  very  low magnet ic f i e l d s  would 
be d e s i r a b l e ,  and a l though  t h e r e  would be s l i g h t  f i e l d  s e n s i t i v i t i e s  
[12,  191, these  c o u l d  be s t a b i l i z e d  and c a l i b r a t e d  o u t  o f  t h e  system 
by l o c k i n g  t h e  f i e l d  t o  a  Zeeman t r a n s i t i o n .  For  example, i n  t h e  case 

o f  t h e  ' " H ~ '  microwave f requency s tandard,  t h e  problem would be t h e  
same as i n  t h e  hydrogen maser. I t  i s  sometimes no ted  t h a t  a drawback 
o f  t h e  Penning t r a p  i s  t h e  r e q u i r e d  l a r g e  magnet ic f i e l d s ,  and t h e  
i n f l u e n c e  these  f i e l d s  have on t r a n s i t i o n  f requenc ies .  These problems 
can be made ve ry  smal l  , however, by o p e r a t i n g  a t  a magnet ic f i e l d  
where t h e  t r a n s i t i o n  f requency i s  i ndependent o f  f i e l d  t o  f i r s t  o rder .  

For  t h e  (F,MF) = ( 2 , l )  + +  (1,l) t r a n s i t i o n  i n  2 o i ~ g t  discussed above 

[16], t h e  second o rde r  f i e l d  dependence i s  g i ven  by ~ v / v  - 
( A H / H ) ~ / ~ .  For  t h e  S-D c p t i c a l  t r a n s i t i o n s ,  we o b t a i n  a  PuPther 
r e d u c t i o n  i n  s e n s i t i v i t y  by approx imate ly  t h e  r a t i o  o f  t h e  h y p e r f i n e  
f requency t o  t h e  o p t i c a l  f requency (^- Since a aood magnet 
sys tem has d r i f t  r a t e s  < and inhomogenei t ies  < 10- over  1 cm 
dimensions, f i e l d  i n s t a b i l i t i e s  shou ld  n o t  be a problem u n t i l  w e l l  
below t h e  10-l"level o f  accuracy.  

(2) Second Order Doppler  and E l e c t r i c  F i e l d  (S ta r k )  S h i f t s :  The 
fundamental l i m i t s  on these  two e f f e c t s  w i l l  s c a l e  t oge the r ,  so t hey  
a r e  t r e a t e d  a t  t h e  same t ime .  U s u a l l y  o n l y  second order  " S t a r k "  s h i f t s  w i l l  
be impo r tan t ;  t h e r e f o r e ,  we w i l l  be i n t e r e s t e d  o n l y  i n  <E%. 

For  s i  ng l  e  i ons ,  1 aser  coo l  i ng has a1 ready ach ieved temperatures 
between 10 mK and 100 mK [18, 281. T h e o r e t i c a l l y ,  when t h e  mot iona l  
o s c i l l a t i o n  f requenc ies  ili (w and or f o r  t h e  rf t r a p  and m Z ,  wc ,  and 

Z 
w fo r  t h e  Penning t r a p )  a re  l e s s  than  t h e  n a t u r a l  1 i n e w i d t h  (y) o f  m 
t he  o p t i c a l  c o o l i n g  t r a n s i t i o n ,  then t h e  1 i m i  ti ng " temperature"  i n  

each degree o f  freedom i s  g i ven  by k  T E 4 l l y  118, 29, 301, where kg 
i s  Bol tzrnannls cons tan t .  (For a s i a g l e  i o n ,  t h e  p r e c i s e  minimum 
temperature depends on t h e  angle  of i n c i dence  o f  the l a s e r  beam and on 
t h e  s p a t i a l  d i s t r i b u t i o n  o f  r e c o i l  photons [30;.)  For  s t r o n g l y  

+ + 
a l l owed  t r a n s i t i o n s  as  i n  Ba o r  Hy , t h i s  l i m i t i n g  temperature i s  



about 1 mK. For more weakly al lowed t r a n s i t i o n s ,  t he  temperature i s  
correspondingly  less, b u t  o ther  l i m i t s  such as r e c o i l  can come i n t o  
p l a y ,  1  i m i t i n g  the  temperature t o  about K. 

When the  opposi te c o n d i t i o n  (Ri >> y)  i s  f u l f i l l e d  and 5Qi >> r e c o i l  

energy, then the  l i m i t i n g  energy [27, 291 i s  g iven by Ei = m i  ( n .  + 
1 

4) where <n.> 4 5y2/(16 Q:). Therefore the  l i m i t i n g  k i n e t i c  energy i s  
1 

g iven by Eki E M i / 4  << 4y/4. For s i m p l i c i t y ,  we w i l l  assume on ly  t.he 

case Qi << y  and 5 y  >> r e c o i l  energy below; however, even b e t t e r  

r e s u l t s  a re  p o t e n t i a l l y  obta ined f o r  t h e  opposi te c o n d i t i o n  (y << (Ii). 

For a  s i n g l e  i o n  i n  an rf t r a p ,  when Uo (D. C. app l i ed  p o t e n t i a l )  = 0, 

t h e  nonthermal micromotion has an average k i n e t i c  energy equal t o  t h a t  
o f  the  secular  motion (1); t h i s  i s  approximately t r u e  i n  the  spher ica l  
t r a p .  I n  t h e  Penning t r a p  the  k i n e t i c  energy i n  the nonthermal 
magnetron motion can be much l e s s  than i n  the  c y c l o t r o n  o r  a x i a l  modes 
[30]. Therefore, t he  minimum second order  Doppler s h i f t s  a re  g iven 
approximately by [31]: 

liy/Mc2 *'D - E~ - 7 rf t r a p  
- - -  - 
V 

0 
Mc2 ' 6 y / ~ c ~  Penning t r a p  

For a s i n g l e  i o n  i n  a  spher ica l  rf t r a p ,  <E2> i s  p r i m a r i l y  due t o  the  
o s c i l l a t i n g  rf f i e l d s  and i s  l a r g e s t  f o r  t he  z motion. A simple c a l -  
c u l a t i o n  g ives < E ~ > ~  = Mn2fiy/eZ f o r  maximum l a s e r  coo l i ng  o r  <E2bZ := 

2M2kgT/e2 f o r  a  g iven temperature i n  t he  z secular  motion. For a  

s i n g l e  i o n  i n  a Penning t r a p ,  i t  i s  u s u a l l y  poss ib le  t o  make rm, rc <:< 

z 128, 301, t he re fo re  Stark  s h i f t s  from the s t a t i c  f i e l d s  are pr imar-  
i l y  due t o  the  z motion. We f i n d  <E2>Z = f i y b Z 2 / ( 2 e 2 )  f o r  maximum 

l a s e r  cool  i n g  o r  < E ~ > ~  = kg~MwZ2/e2 a t  temperature T. I n  the  Penning 

f rap  a l a r g e r  e f f e c t  can be caused by the  motional e l e c t r i c  f i e l d  $ - 
v x $/c. We have <E2>M = f i y ~ 2 / ( M ~ 2 )  (maximum l a s e r  coo l i ng )  and < E Z ~  

= 2k T B2/(Mc2). I n  t a b l e  I are shown examples o f  t he  second order  
~ o ~ ~ f e r  s h i f t  and <E2> f o r  s i n g l e  ions  i n  rf and Penning t raps .  

To ge t  an idea of t h e  effect, o f  e l e c t r i c  f i e l d s ,  we note t h a t  the  
f r a c t i o n a l  S tark  s h i f t  o f  Hg hyper f ine  s t r u c t u r e  has been est imated 
t o  be [32] 

av/vhfs E 1.43 x 10-l8 E~ 

584 



where E i s  i n  vo l t s /cm.  (The s h i f t  f o r  ~ a '  i s  about  24 t imes  h i g h e r  

[ 3 2 ] . )  For  t h e  2S?i - 2D5,2 t r a n s i t i o n s  i n  HCJ' we have [16] 

T h i s  s h i f t  shou ld  be s i m i l a r  i n  magnitude i n  o t h e r  o p t i c a l  t r a n s i -  
t i o n s .  We no te  t h a t  i n  many cases, t h e  e l e c t r i c  f i e l d s  f rom b lack -  
body r a d i a t i o n  (<E2>bb 1 (8.3 V / C ~ ) ~  a t  T = 300 K) 1321 can be much 

l a r g e r  t han  those due t o  t r a p p i n g  c o n d i t i o n s .  There fo re ,  ope ra t i ons  
a t  reduced env i ronmenta l  temperatures may u l t i m a t e l y  be requ i r ed .  

Fo r  c louds  o f  i d e n t i c a l  i ons ,  we f i r s t  cons ide r  t h e  e l e c t r i c  f i e l d s  
due t o  c o l l i s i o n s  between ions .  For t he  rf t r a p ,  we n e g l e c t  t h e  
energy i n  t h e  micromot ion s i nce  the  i ons  a re  d r i v e n  i n  phase, t he re -  
f o r e  i o n  c o l l i s i o n a l  e f f e c t s  i n  t h e  r f  and Penning t r a p s  a re  t r e a t e d  
t h e  same, <E% due t o  c o l  1  i s i o n s  wi  11 , o f  course,  depend on t h e  c l o u d  
d e n s i t y  and temperature,  b u t  some i d e a  o f  t h e  magnitude can be g i ven  
by c a l c u l a t i n g  t h e  e l e c t r i c  f i e l d  f o r  one i o n  on ano ther  a t  t h e  
d i s t a n c e  o f  c l o s e s t  approach. Assuming t h e  maxjmum energy a v a i l a b l e  
f o r  c l o s e s t  approach i s  g i ven  by 3kgT, we have Emax = 6.7 x  V/cm 

(y/2n = 10 MHz and maximum l a s e r  c o o l i n g )  and Emax = 7.4 V/cm a t  T = 

4K. There fo re  a t  modest temperatures,  i o n - i o n  c o l l i s i o n  induced S t a r k  
s h i f t s  can be q u i t e  sma l l .  

For  c louds  o f  i ons ,  o t h e r  e f f e c t s  can c o n t r i b u t e  t o  S t a r k  and second 
o r d e r  Doppler  s h i f t s .  We wi  1 1  cons ide r  o n l y  t h e o r e t i c a l  1 i m i  t s  and 
t h e r e f o r e  n e g l e c t  e f f e c t s  such as r f  h e a t i n g  i n  an rf t r a p ,  which may 
be t h e  r e a l  l i m i t a t i o n  i n  a  p r a c t i c a l  exper iment .  We w i l l  assume t h a t  
t h e  secu la r  mot ion  i n  an rf t r a p  and t h e  a x i a l  and c y c l o t r o n  modes i n  
a Penning t r a p  have been coo led  t o  n e g l i g i b l e  va lues.  For  b o t h  t r a p s  
we w i l l  assume t h a t  i t  i s  d e s i r a b l e  t o  maximize t h e  number o f  i o n s  N. 

I n  an rf t r a p  we must cons ider  t h e  e f f e c t s  o f  t h e  m ic romot ion  and 
cor respond ing  e l e c t r i c  f i e l d s  f o r  i ons  on t h e  edge o f  t h e  c loud .  We 
impose t h e  c o n s t r a i n t  t h a t  t h e  maximum f r a c t i o n a l  second o rde r  Doppler 
s h i f t  (Av / V  ) n o t  exceed a  c e r t a i n  va lue  ( c ) .  There fo re ,  f o r  
s p h e r i c a l  ? lo?~ds i n  an rf t r a p  we f i n d  [31] 

where M i s  i n  u  (a tomic  mass u n i t s ) ,  and ri i s  t h e  c l oud  r a d i u s .  

For  a s p h e r i c a l  c l oud  o f  i ons  i n  a Penning t r a p ,  t h e  maximum second 
o r d e r  Doppler e f f e c t  i s  due t o  t h e  magnetron mot ion  o f  i ons  on t h e  
edge o f  t h e  c l o u d  (rm = ri , z=O). We f i n d  1311 

= 1 - 9 6  y, 1 0 1 9  6- 
Nmax 



where B i s  i n  t e s l a ,  M i n  u. Negative so lu t i ons  are  no t  phys i ca l  
because they correspond t o  parameters where t h e  magnetron second order  
Doppler s h i f t  cannot be made as l a r g e  as E ( f o r  a  spher ica l  c loud).  

We can a l so  c a l c u l a t e  the  corresponding e l e c t r i c  f i e l d s .  As before, 
f a r  t he  rf t r a p ,  t he  maximum f i e l d s  occur on ions  f o r  z=r. and r=O and 
we have [31] 1 

I n  t h e  Penning t r a p ,  the e l e c t r i c  f i e l d s  cancel along the  z ax is .  
Along the  r a d i a l  d i r e c t i o n  [31] 

I n  t a b l e  I1 are shown some rep resen ta t i ve  values o f  maximum numbers o f  
s to red  ions  and Stark  s h i f t s  f o r  var ious  values o f  Av,,/vo and ri on 

clouds o f  ions.  I n  c e r t a i n  con f i gu ra t i ons ,  second order  Doppler and 
Stark  s h i f t s  cou ld  s t i l l  be a  problem; however, w i t h  small enough 
numbers o f  ions  these can be overcome. 

The values i n  t ab les  I and I1 are  on l y  examples, and o f  course each 
experiment would vary. However, t a b l e  I1 seems t o  emphasize t h a t  i n  
experiments on clouds o f  ions,  one must be c a r e f u l  t o  account f o r  
Doppler s h i f t s  and e l e c t r i c  f i e l d s  due t o  e i t h e r  the  fo rced micro- 
motion i n  the  rf t r a p  o r  the  magnetron mot ion i n  t h e  Penning t rap .  We 
a l so  note t h a t  i n  order  t o  o b t a i n  very small second order  Doppler 
s h i f t s ,  very shal low we1 1  depths are requ i red  [31]. 

With these extremely low l e v e l s  o f  a n t i c i p a t e d  systematic e f f e c t s ,  the  
search f o r  o ther  e f f e c t s  cont inues. For example, Dehmelt has po in ted  
o u t  [12] t h a t  t he  s h i f t  due t o  atomic quadrupole moments must be 
accounted f o r .  I n  nea r l y  a l l  o f  the  microwave experiments, however, 
t h i s  smal l  s h i f t  i s  n e g l i g i b l e ;  moreover, i n  s i n g l e  i o n  experiments i t 
can be c a l i b r a t e d  t o  extremely h igh  l e v e l s  o f  p r e c i s i o n  (<< 10-17). 

STABILITIES 

With the  a n t i c i p a t e d  h igh  Q ' s ,  t he  expected s t a b i l i t i e s  a re  q u i t e  h igh  
even though the  number o f  ions  i s  r a t h e r  smal l .  I f ,  as i n  t he  micro- 
wave case, t he  l i new id ths  are  l i m i t e d  by the  i n t e r r o g a t i o n  t ime, then 
we cou ld  expect [161: 

where T i s  t he  i n t e r r o g a t i o n  t ime, assuming the  t ime domain Ramsey 
method i s  used. For 2 0 1 ~ g  (W = 271 . 25.9 GHz), assuming T = 50s and 
Ni = 8.2 x l o 4 ,  we ob ta in  0 



1 

a ( r )  = 2 x 10-15t-' 
Y 

wh ich  emphasizes t h e  need f o r  ex t reme ly  s t a b l e  o s c i l l a t o r s  t o  d r i v e  
t h e  t r a n s i t i o n .  

I n  t h e  o p t i c a l  domain. a n t i c i p a t e d  s t a b i l i t i e s  a re  even more d ramat i c .  
+ 

For t h e  2 S  +-+ 2D5,2 t r a n s i t i o n  i n  Hg we % expect  [ 

f o r  N, = 8 . 2  x lo4 and even f o r  one i on :  I 

O f  course, these a n t i c i p a t e d  s t a b i l i t i e s  would be l i m i t e d  by a v a i l a b l e  
lasers ,  b u t  perhaps i n  t h e  f u t u r e ,  these  t h e o r e t i c a l  l i m i t s  may be 
approached. 

CONCLUSIONS 

From t h e  above, i t  i s  n o t  un rea l  i s t i c  t o  contemplate  f requency 
s tandards w i t h  i naccu rac i es  << 10- ? These pro jec t ions  have assumed 
t h a t  t h e  exper iments would n o t  be l i m i t e d  by l o c a l  o s c i l l a t o r s ;  
however, t h i s  c l e a r l y  i s  an impo r tan t  1 
case o f  o p t i c a l  f reauencv s tandards.  S 

i m i t  - -  
i n c e  t h i  

c u l  a r l y  
i t a t i on  

t h e  
we 1 

be overcome, t h e  f u t u r e  o f  i o n  f requency s tandards l o o k s  \;cry 
promi s i  ng i ndeed. 
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T(K) 300 4 2.4 x 

y/2n ---- ---- 10 MHz 

AuD/v0 8.3 x 10-l3 1.1 x 10-l4 6 .6  x 10 - l9  

<E2,z (V2/cm2) 200 2,67 1 .6  x  

z (pm) rms 170 20 0.15 

AV D / ~  4 .2  x 10-l3 5.5  x 10-l5 3.3 x 10-19 

pen. 

< EZ> 
Z 

4. 0 x 5,4 x 3 . 2  

(V2/cm2 ) 

<EZ>M (V2/cm2) 4.99 0.067 4.0 x lo-" 
- ------ - ----- 

Zrms (w) 1300 14 5 1.1 

TABLE I .  

Frac t i ona l  second order  Doppler s h i f t s  (AvD/vo), S ta rk  f i e l d s  (<E2>),  

and c l a s s i c a l  r . m . 5 .  a x i a l  amplitudes (zrm ) f o r  s i n g l e  ions  i n  rf and 
Penning t raps .  When y/2n i s  given, we Jssume maximum t h e o r e t i c a l  
l a s e r  c o o l i n g  ( R . < < y ) .  For bo th  t raps  we assume M = 100u. For the  rf 

1 

t r a p  where the  t r a p  p o t e n t i a l  i s  @(r ,z )  = A. cos Clt(r2 - 2z2), we 

assume R/2n (rf d r i v e  frequency) = 1 MHz, A. = 300 V/cm2. For the  

Penning trap,wz/2n = 20 kHz, B = 1 T. T i s  t he  temperature o f  the  

secu lar  motion f o r  t he  rf t r a p  and t h e  temperature o f  t he  c y c l o t r o n  
and a x i a l  motion f o r  the  Penning t rap .  <E2>, i s  t he  mean square 
e l e c t r i c  f i e l d  f o r  motion along the  z ax i s ,  cE2> i s  the  mean square M 
"motional" e l e c t r i c  f i e l d  f o r  t h e  ;xe/c force i n  the  Penning t rap .  
Note t h a t  zrm, f o r  the  Penning t rap  can be reduced a t  expense o f  

i nc reas ing  <EZ%. 



TABLE I1 

Maximum numbers, (Nm ) and e l e c t r i c  f i e l d s  (<E2>) f o r  "cold '  
sphe r i ca l  i o n  clouds 9% rf and Penning traps.  A maximum f r a c t i o n a l  
second o rde r  Doppler s h i f t  Av /v i s  assumed. The s e c u l a r  motion f o r  
t h e  r f  t r a p  and t he  axial a n 8  cqclo t ron  mot ion  f o r  t h e  Penning t r a p  
a r e  assumed t o  be frozen o u t  (i . e.  , cooled t o  negl i g i  b l e  va lues) .  r .  
= ion cloud r ad ius ;  M = 1001.1, R/2n = 1 MHz f o r  t he  r f  t r a p  and B = 1 7 
f o r  the  Penning t r a p .  
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